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1. Introduction and Main Results 

Recently, the operators have become very popular due to its special applications in recent times in a 
wide range of sciences and engineering [1,2,3,4]. Especially, the composition operator [5,6,7,8,9,10,11,12,13] 
for a summary of the many studies that have been conducted on these operators in various function spaces. 

In 2004, Nieminen and Saksman [14] showed that the compactness of Cy, — Cy,, on the Hardy space. 
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In 2020 Choe, Choi, Koo and Yang [15] showed characterized compact operators by using Carleson 
measures Further, Moorhouse [16] gives characterized the compactness on the standard weighted Bergman 
space A2_,. And others [17,18,19] 

So, let's start by defining some terms For 0 < € < oo and a positive Borel measure v,, on D, the 
Lebesgue space Lyte consists of complex valued v,,-measurable functions f,, on D such that 


Ill jae -| ». lfalZl** dt) < 00, 
D 


If v» is continuous in Lz**. See [20,21]. 
1 
Z| 


@mn(z) > 0, for otherwise Ai** =H(D) for each 0 <€ < if there exist K = K(wm,) >1 and C= 


For a radial weight w,,, write O,(Z) = J,,,Y.@m(s)ds for all z € D. In this paper we always assume 


C(@m) > 1 such that Op, (1 + €) > COm (1 7 aoe for all —1 < € < 0, then we write w, € D. In other 


words, Ww, € D if there exists K = K(w,,) > 1 and C’ = C'(w») > 0 such that 
_1-(1+e) 


1-46) 
dmate<c'{ >, Om + dd +e), -1<e<0. 


1+€ 
The intersection D N D is denoted by D, see [22]. 
In this work from the Bergman weighting scheme, we think about compact differences between two 


1 


composition operators. space Aa to the Lebesgue space L4*?€ when 0 < € < © and w,, € D. To state the 


Vm 


first main result, write 
zZ)- Zz 
5 =V Ln@= 9m 
1 — Wm (Z) Pm (Z) 

The next result generalizes [[18], Theorem 1.2] to the setting of doubling weights. 

Theorem 1. Let 0 < € < © and w,, € D, and let v,, be a positive Borel measure on D. Let ~,, and p,, 
be analytic self-maps of D. Then the following statements are equivalent: 

(i) Con Cy, 4a > 14, is boutided; 

(ii) Co — Cy: AGt* > LEYS is compact; 

(iii) by Cy,, and d,Cy,, are compact (or equivalently bounded) from Az,*** to Li **. 

The proof of Theorem | We first show that Cp, — Cy, is compact if 6,0, and 6,Cy,, are bounded. 
The proof of this implication is straightforward and relies on the fact that the norm of f, € H (ID) in Aj"?* is 
comparable to the L(;*?*-norm of the non-tangential maximal function (f,)(Z) = supzer(z)|fn(Q)|, where 


1 —— 
T(z) = {c € D:|6 —arg¢| < =(1 — tN z= (1+e6e €D\ {0} 


We first observe that for each p-lattice {z;,,} the function 


piel 1 
o-, >. (at+e)z (=) é (T )) )F® 
m k 


belongs to Aj*** for all (a + €)m = {(a + €)x'} € €'*** and its AZ*?*-norm is dominated by a universal 


constant times ||(a + €) mll pitze- Then, Khinchine's inequality is used in conjunction with this testing function. 
A complete characterization of such measures in the case w,, € D can be found in [23], [24], [25], [26]. In 
particular, it is known that if € > 0 and w,, € D, then p, is a (1 + €) — Carleson measure for Aa if and 
only if the function 
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fof d aoe (1.1) 


@m(T(Z)) 


1+2¢€ 

belongs to ima Here and from now on T(z) = {¢ € D:z € ['(¢)} is the tent induced by z € D \ 
{0}. Further, w,,(E) = f 7m4A for each measurable set E Cc D. 

It is well known that A(a, 1 + €) is an Euclidean disk centered at (1 — (1 + €)”)a/(1 — (1 + €)?|a|?) 
and of radius (1 — |a|?)(1 + €)/(1 — (1 + €)?|a|?). We denote @,(Z) = @m(z)/(1 — |z]) for all z € D and 
note that 

nll are = Wfrnll ae2er fn © HD), (1.2) 

provided w,, € D, by [22]. Our embedding theorem generalizes the case n = 0 of [ [10], Theorem 1] to 
doubling weights and reads as follows. 

Theorem 2. Let 0 < € < 00 and w,, € D, and let 4, be a positive Borel measure on D. Then the 
following statements are equivalent: 

(i) dm is a (1 + €)-Carleson measure for Aj;*”*; 

(ii) I: AG" > LiS is compact; 

(iii) the function 
Um (A(Z, 1 + €)) 

Wm (S(Z)) 
1+2¢€ 


belongs to ii for some (equivalently for all) -1 << e <0. 


Qe (2) = ,zED\ {0} 


Moreover, 
1+2€ 
1te =, Om || (a+2€)—+6) 
IT Waite pate |o,." re (1.3) 
1+2€ 1+2€ 


We may not replace L in part (111) of Theorem 2. A counter example can 


ore by Le 
beconstructed as follows. Write D(z, 1+ €) for the Euclidean disc{¢: |¢ — z] < 1+ €}. Let (1+ €), =1—- 
2-" and A, = D(0,(1 + €)ns1) \ D(O, (1 + €)p) for all n € N. Pick up an w,, € D such that it vanishes on 
An for all n € N. A simple example of a such weight is VnenXAon 41: Phen choose fm such that (35) 

for some € > 0 its support is contained in the union of the discs A(a,, €) which have the property that 
for some fixed —1 < € < 0 we have A(z,1+ 6) C A>, for all z € A(ay,e€) and for all n € N. The choice 
An = (1+ €)an + (1 + €)2n41)/2 works if —1 < € < 0 and e = €(1 + €) > O are sufficiently small. Then, 


for such an (1+ € ), the norm ||jo7" 


i [| a+20-a+6 vanishes and thus it cannot be comparable to 
Om 


orn ||. which is non-zero if U, is not a zero measure because Wn is strictly positive. Moreover, by 
(1+2€€-(1+€) 
choosing y appropriately the norm ||77”"| 142e can be made infinite. 
Lamayze-a4+60) 
It partially completes [13]'s primary result for class D alone. [27] demonstrated an analogous result for 
Hardy spaces. Theorem [11] closes the minor Bergman space gap between Hardy and conventional weighted 


Bergman spaces. 
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Theorem 3. Let 0 < € < © and w,, € D, and let v,, be a positive Borel measure on D. Let ~,, and W, 
be analytic self-maps of D. Then Cy, — Cy: Ag > Ly*** is bounded (resp. compact) if and only if 6Cy_, 
and 6,Cy,, ate bounded (resp. compact) from Az** to L7*7°. 

If € = 0 then the boundedness (resp. compactness) of 6Cy,, and d,Cy,,, implies the same property for 
Com 
and 6,,Cy,,, are bounded when € > 0. But we do not know if the boundedness of Cy, — Cy, implies that of 
SmCpm and bmCy,, if Om € D\ D if € > 0. 

2. Carleson Measures 

If W, € D, then there exist constants 0 < a =a(w,,) < B = B(Wm) < © and C = C(w,,) > 1 such 


— Cy,, by Proposition 4 below. Further, Proposition 5 below shows that Cy, — Cy, is compact if 6mCo,, 


that 
7 east 
5 ook 2 Bnllt9 < c (He) —[<e<0 (2.1) 


c \1-(1+2e) @m(1+2e) 1-(1+e) 

the class D because the right hand inequality is satisfied if and only if w,, € D by [24], Lemma 2.1], 
while the left hand inequality describes the class D in an analogous manner [22], (2.27)]. 

Proof of Theorem 2. If “, is a (1+ €)-Carleson measure for Aj***, then I: Ajt?* > Lit is 
automatically compact by [26], Theorem 3(iii)]. Therefore, it suffices to show that (i) and (ili) are equivalent 
and establish (1.3). 


1+e 


lfmli**, Fubini's theorem,H6lder's inequality and (1.2) imply ||fn Il ite 


Slab (ihe 1te) Bo ia) Am (Z) 


|o|?)? 
_ 1t+e Om (S) 
= S58 (Sacease lin OI 5 er 
14+2€ Um AG, 1+ €)) ~ 1t+eé 
< er) OAS ag Om(G)dA(S) < Lllfmllaitzell Opn nllar200+6 


1+2 
= = Dilfnll gi+22€ lO, n llas20c+e oe € ia 


dA(Z)) dtm (2) 


ry : = Q 1+ 
Therefore fy, is a (1 + €)-Carleson measure for Aj‘? and || J Wlyitee_,ji+eS 
am “hm 


lop, as 


Conversely, assume that 4, is a (1 + €)-Carleson measure for A7z,**. Then (1.2) shows that 1, is also 
a (1 + €)-Carleson measure for Anse and the corresponding operator norms are comparable. Further, since 
Wm © D by the hypothesis, an application of (2.1) shows that @,, € D. Therefore [23], Theorem 1(a)] implies 


1+2€ 
14+2€ 


d (¢) (1+2€)—(1+e) 
@m|y(+2e)—-U+e) _ -| > ( Um CANAAN Ee 
|B Lm I av20- (1+) = r(z) @m(T(Z)) ae ) ( ) 


r(z) = ic € D: larg — argz| < (1 -S)hz ED \ {0} 


is a non-tangential approach region with vertex at z. Further, by [26], Theorem 3(iii)] we have |l 


1+ 
I Waite ase |B 


where 


m ll as20-a+0- 
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Let now —1<e<0 be given. For € > 0 and z€ D\D(01--) write Zx =(1-— (1+6)(1- 
lz))e*"8*, Pick up (1+e)=(1t+e)(1+e)>1 and (1+2e)= (142e)(1 +e) €(1-<,1) 
sufficiently large such that A(zx, 1+ €) C T(z) for all z € D \ D(0,R). Straightforward applications of the 
left hand inequality in (2.1) show that @m(T(Z)) S Wm(S(7)), as |@| > 17, and &,(Z) S @(Zx) for all z € 
D \ D(0,R). In an analogous way we deduce Wm (S(G)) S @m(S(zx)) for all § € A(zx,1+ €) and z € D \ 
D(0, (1 + 2€)) by using the right hand inequality. 


1+2¢€ 


dium (FG) \Gt2e)-Gte) 
co SIT Withee, ate? | ( | alc 6m (z)dA(z) 
Sem D\D(0,R) \WA(zg,1t6e) Om(T (C)) m 


1+2€ 


Um (A(z, 1 + De ; 
= tus ( Wm(S(Zx)) Om Zx)dAZ) 


1+2€ 
= [ lon (z)|G#29)-G49) 6, (z)dA(z) 
D\D(0,1-K(1-R)) 


3. Sufficient Conditions 

In this section we establish sufficient conditions for Cy, — Cy,,: Agi’ > Lyt?* to be bounded or 
compact. All these results are valid under the hypothesis w,, € D despite the main results stated in the 
introduction concern only the class D. We begin with the case € = 0. 

Proposition 4. Let 0 < € < 00 and w,, € D, and let v,, be a positive Borel measure on D. Let @,, and 
Wm be analytic self-maps of D. If 6,,C,,, and 6_Cy,, are bounded (resp. compact) from An to ls then 


C 


Om ~ Cm: 4a, > Ly? is bounded (resp. compact). 


Proof. We begin with the statement on the boundedness. Let first € > 0. Let fr, € AG with |lfin le < 


1 Fix —1 < € < 0, and denote E = {z € D: |6,,(z)| < 1+ €} and E’ = D \ E. Write 


and observe that it is enough to prove that the quantities are bounded. 


Nom — CvnIFnd2e'lh ze a0 (Coe — Cdyn) Fn )Xe lps G.I 
We begin with considering the first quantity in (3.1). By the definition of the set F we have the estimate 


Eom — bn) FndIXe"| SHE (6m & pn Find + [Sm Cin Fir) |) (3.2) 

on D. Since the operators 6,Cy,, and 5,Cy,, both are bounded from A7,'€ to Li*?* by the hypothesis, 
the first term in (3.1) is bounded by (3.2). 

We next show that also the second term in (3.1) is bounded. Let 1, be a finite nonnegative Borel measure 
on D and h,, a measureable function on D. For an analytic self-map @,, of D, the weighted pushforward 
measure is defined by 

(Pm)« ms Hm) (M) = Sosy) L hm dem (3.3) 

for each measurable set M C D. If t,, is the Lebesgue measure, we omit the measure in the notation and 
write (P)«(hm)(M) for the left hand side of (3.3). By the measure theoretic change of variable [28]. Section 
[29], we have ||6,Cy, Gn) | ize = fn ll ize for each f;, € A%**. Therefore the identity operator 


@m)«(l5ml1+2€v mn) 
from Agitie to Ley (|Smnl?*2£0m) is bounded by the hypothesis. Hence (@m)«(|8m|2*7& Un) (ACG, (1 + 
1 


+2€ 
2€))) S Wm(S(¢)) ++ for all ¢ € D \ {0} by [23], (35) Volume (3) December 2022; [UBJSR: ISSN [1858- 
6139]: (Online) 
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Theorem 1(c)]. Further, by 10 , Lemma 3], with w,, = 1 and € = 0, there exists a constant C = C((1 + 
€),(1 + €),(1 + 2€)) > 0 such that 


rer ge a a abe Ite 
in @)— inl < CGE] >, im @I**dA@), @ € D, 2 
€ A(a,1+€e) 


for all fin € Ane with || full ae < 1. This and Fubini's theorem yield 
(Com — Cm) mI xe Wirsze 


= [D Vin@m(2) ~ fin (nC) "9a (2)daC@) 


loin (z)|"*** 1+2¢€ 
S| Daan GDF ly cyrean En OP*AA Demdaco 


ce KO) ia 
< [> imcorr| | a im(z)da(z) ) dae) 


pl (aGatze))né 1 — |Pm (2)? (3.4) 


L426 5 (z)/**° 
< oa lfm (9) | I eats (1 = 17|)2 Vm (z)dA(z) dA(Z) 


inde Om 14+2€ mn A v1 2 
= [Y: ba gyre Omen ne MAG 14 26) ace) 
D 


L — 161)? 


s [Yate oye aa =] DY" Vin Ol**dtin 


1+2¢€ 
Standard arguments show that H,(S(a)) S Wm(S(a)) 1+€ for all a € D \ {0}. Hence [23], Theorem 
1(c)] yields ¥I|(Cy,, — Com) Fnditell avec S s Zl nll ee Sll Y fn Waite - Therefore also the second term in 


(3.1) is bounded. This finishes the proof of the case € . 0. 
Let now € = 0. By following the proof above, it suffices to show that 


J, Cent rng) 1.4(2) SE (5) (3.5) 


for every Carleson square S C D. By the hypothesis, the identity operator from AG 


to Lig... (151 *+2©Vn) is bounded, and hence (@,,).(|Sm|'*?*Vm,)(S) S @m(S) for all 


S by [[23], Theorem 1(b)]. But for each positive Borel measure 1, on D, Fubini's theorem yields 


Mm(A(G, 1 + 2€)) 
Ss@=— q—epe 40) 


dA(@) 
— ier siannewg nD Cenees (1 _ 2) Hm (Z) 
adA(¢) -_ 
< Is(atem) 2 (ee ae) dim (Zz) = Um(S((a + €)m)), lal > A + 
2€) , (3.6) 


where (a + €)m = (€@+ €)m(a,1 + 2€) € D satisfies arg(a + €)m = argaand1-—|(a+€),|=1- 
|a| for alla € D \ D(0,1 + 2e). By applying this to Um = (@m)xCOm|4*2* Vn) and using the hypothesis W, € 
D we deduce (35) . 
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[So Se EL AAS) SY” mB **U (SCE + Em) 
S(a) ( ~~ IC) 
< yy im (S((a + €)m)) S y Wm (S(a)), la] > (1 + 26). 
This estimate implies (3.5), and thus the case € = 0 is proved. 
To obtain the compactness statement, it suffices to show that the quantities 


oa ~ Chm) Gndndxe'll size and (Com _ Chm) Gmdn)iell 226 (3.7) 


tend to zero as n > oo for each sequence {(fin)nJnen in AZ© which tends to zero uniformly on compact 
subsets of D as n > © and satisfies Wmdnllarre < < 1 for alln EN. Since 6,,Cy,, and d,Cy,, are compact 


from Az** to Li*?* by the hypothesis, an application of (3.2) to fin = (finn shows that the first quantity in 
(3.7) tends to zero as n — 09, As for the second quantity, observe that (3.4) implies 


>. (Co. — Com) Gn ddatell avze 


rane Pm) =(lbm|4**~Vm) (AG, 1 + 2€)) 
s [ >. Ifin)n (9) — da=yepe 2A: neEN. (3.8) 


by the hypothesis, we have (mo [5g |**2€ 4p, (S(Z))/m (S(O) HE — Oas |¢| > 17by [19. Theorem 3(ii)]. 
Now, for each ¢ € D \ {0} pick up (’ = ('(¢, 1 + 2€) € D such that arg ¢’ = arg@, A(¢', 1 + 2€) C S(Z) and 
1—|f'| =1-—|¢| for all ¢ € D \ {0}. Then 

(Pn) «(5m|**?Vm) (SD) _—  (Pm)«(5ml**? Vm) (ACG, 1 + 2€)) 


ee ad fee 
Wm (S(¢)) 1+€ Wm (S(¢))1#2¢ 
2S Pm Winl!rmd(AG1 420) 5 em (oy 
Wm(S(Z')) 1+€ 


1+2¢€ 
and hence supzep so} (Pm)«USml**** Vm) (ACG, 1 + 2€))/Wm(S(J)) 14€ < 00 and, for a given € > 0, 


there exists 7 = n(e€) € (0,1) such that Ym). bm 1447 Yn) (ACG, 1 + 2€))/ Gm (S(O) <e forall Z€ 
D\D(0,n). Further, by the uniform convergence, there exists N = N(e,n,1+2¢€)€N_ such that 
ICfndnl**2* < € on D(0,7) for all n > N. These observations together with the proof of the boundedness case 
and (3.8) yield 


DY, WCom = Cm) Gndnd ell ee 


~~ 


Sin [1 2€ 4 (ACC, 1 + 2 m (5 me 
J J (Pm)« 6m Ynd(A es + 2€)) fen Q2* i) FF AACS) 
rev, OA \(O} Wm (S(C)) © ae D(0,7) ( ICD 
(Smnl**2©Uy,)(A(Z, 1 + 2 _(S(2)) Fe 
de eu J Cy Po aaa Mag + 2e)) Tan oe) * 4A) 
¢€D\D(0,n) Wm (S()) 1F€ D\D(0,n) ( IC1) 
tom (S(6)) FF 
ee 


a epe A@ +eD, Wmdniaite < <e,n2N. 


Thus also the second quantity in (3.7) tends to zero as n > 09 in the case € > 0. 
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Finally, let € = 0. The compactness of the identity operator from Ane to Lom)-(| Siml**€vm) implies 
(Pm) «(Sm l*** Vm) (S(Z))/@m(S(S)) > 0 as |f| > 1-by (35) . 

[ [26], Theorem 3(ii)]. By following the proof above the only different step consists of making the 
quantity 


J@ = I sence Inn (9) G=lep? dA() 


Standard arguments can now be used to make the right hand side smaller than a pregiven € > O for 7 
sufficiently large by using (@)« (6m |4** Um) (S(0))/ @m(S(f)) > 0 as |Z| > 17, see, for example, [25 pp.[ 
9],[27] for details. This completes the proof of the proposition. 

The next result is a counter part of Proposition 4 in the case € > 0. 

Proposition 5. Let 0 < € < 00 and w,, € D, and let v,, be a positive Borel measure on D. Let @,, and 
Wm be analytic self-maps of D. If 6,Cy,, and 6Cy are bounded from Aj‘?* to Lt, then Cy — 
Cyn 4ar-* > Lyx is compact. 

Proof. Let {(fm)n} be a bounded sequence in Az,*7* such that (f,)n > 0 uniformly on compact subsets 
of D. Since 5,Cy,, and 6,Cy,, are bounded from Az,*** to L;* by the hypothesis, they are also compact by 
[26], Theorem 3(iii)], and therefore 


Jim) (5m (Fn InCmIU ase + 15m Fmndn Pm IIlagse) = 0 (3.9) 


Let —1 < € < 1, and denote EF = {z € D: |6(z)| < 1+ €} and E’ = D \ E. To prove the compactness 
of Cy, — Cy,,:4a,-* > LYFS, it suffices to show that 


Vm? 


lim (I(Con ~~ Chm) GndndXel +e ne II(Coom iz. Cm )(Sndnd2e'l re) =0 


n—-0o 


since 
>, Wom = Cn) Ginn Ihe 
= > (Com = Cm) Gnd Datel ave 


ite 
+ Y) WCom — Cm) Gmdndate' lite 
By using (3.2) and (3.9), it is easy to show that 
Further, by (3.4), we have 


Jim Y) W(Com — Com) Cndn)2e'll are = 0 
>. (Com — Cob) Gndndxe liite 
s[ >) IG nO emg aA(6). 


(0 Lig). (\Sml**’vm) 18 bounded by 


142€ 
Gm 


Let ¢ > 0, Since the identity operator from A 


the hypothesis,[ [26]. Theorem 3(i1i1)] and the dominated convergence theorem imply the existence of an (1 + 
2€)9 = (1 + 2€)o(E) € (0,1) such that 
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1+2€ 
e(1+2e)-(1+e) 


LZ — am(T@)A—KDe im (Z)4A(Z) 
< Ecesaecersy G.10) 


1 
Further, by the uniform convergence, there exists N = N(e) € N such that |(fy,)n(Z)| < ete for alln > 
N and z € D(0, (1 + 2€) 9). Therefore, for all n > N, by Fubini's theorem, Hdlder's inequality,[ [25]. Lemma 
4.4] and (3.10), we have 


EM (Com — Chm) Cdn diel ie 


(mm) u(ISn lp) (A(G,1 + 2€)) 
@— ep? 
(Pm) u(I5n lV) (A(G, 1 + 2€)) 
wom (TI = [S12 a) Cae) 
(mm) u(ISin lV.) (A(G, 1 + 2€)) 
om (TO) ~ KD? 


sD C waren 7 Sowa) IGdalOlr** 
se+ Jo (J 


dA(¢) 


1te 
rey 2oat2€)0) |GnIn (9) | 


<éet LONG" @ (feteceee ia) Wm (Z)dA(Z) 


<eL(1+ ING dndiiive) = € 

Therefore liMy +0. dII(Cy,, — Com) (Gn) n)Xell a+6 = 0, and thus Cy, — Cy,, is compact from Az,*** to 
irre: 

4. Necessary Conditions 

In this section we establish necessary conditions for Cy — Cy: Agt’* > Lit* to be bounded or 
compact. 

Proposition 6. Let either 0 < € < © and w,, € D or € = 0 and w,, € D, and let v,, be a positive Borel 
measure on D. Let ~, and y,, analytic self-maps of D. If Cy — Cy,,: Aat?* > Lz** is bounded (resp. 
compact), then 6,,Cy,, and 6,Cy,, are bounded (resp. compact) from Az*?* to L7**. 

Proof. Let first € > 0 and w,, € D. We begin with the boundedness and show in detail that bmCy,, 18 
bounded from Aj,*¢ to L;*?*. For each a € D, consider the function 


(fna(z) =(— sa Y. on(S@) FE, 2 € D 


induced by w,, and 0 < € < oo. Then[ a Lemma 2.1] implies that for each y = y(Wm,1 + 2€) > 0 
sufficiently large we have |IfmJall , a 1 for all a € D. Fix sucha y. Since Cy, — Cy,, is bounded, we 


~ lal 


have 
1+€ 


=D) Windallatize = Com ~ Gm) Cindadl ie 


te. 


= i _ y 
= 2. |i ( Ta) a) -(=eeo) ae dA(Z) 

2 y(1te) ae i 
=|, Pare eac) TA - 5) 7 eames dA(z). 


According to[ [17], p. 795], for each 0 < € < & and —1 < € < 0 there exist a constant C = C(y,1 + 
€) > 0 such that 
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=A Y 
Ey [t- (2) or Clap), 2€MG1 +6), Wm ED. 4) 


1-awm 


An application of this inequality gives (35) . 


12 | aT OO yn (2) dA(Z) 
prr(acaate)) (ey, (S(a)))TF2E 
= yayite Si nde (dnl?) (OC 1 + 6D) 
(cq (S(a)))TF2€ 


It follows that (Pn). (|6m|*** Vn) is a bounded (1 + €)-Carleson measure for Aj*** by [[23], Theorem 
I(c)], and hence 5,Cy,,: Agt’* > Ly** is bounded. The same argument shows that also 5,,Cy_, is bounded. 

For the compactness statement, first observe that (f,,)q tends to zero uniformly on compact subsets of 
D as |a| > 1. Then, if Cy, — Cy,, is compact, we have limjajs1-EIl(Cy,, — Cm) Gna) |l re = 0. By 


arguing as above we deduce 
(Pm)«(Uoml?** Yn) (A(@, 1 + €)) 
ie =e 
(Wm (S(a)))14#2€ 
Therefore 5,Cy_,: Agi -* > Lz** is compact by[ [26]. Theorem 3]. The same argument shows that also 


lim 


|a|>1- 


OmCy,, 18 Compact. 

Let now € = 0 and w,, € D. The statement follows from the proof above with the modification that 
[[13]. Theorem 2], valid for w,, € D, is used instead of [[23]. Theorem 1(c)] and[ [26]. Theorem 3]. The only 
extra step is to observe that for each w,,, € D there exists 1 + € = (1 + €)(W,,) € (0,1) such that w,,(S(a)) = 
Wm(A(a, 1 + €)) for all a € D \ {0}. This follows from (2.1). With this guidance we consider the proposition 
proved. 

The next result establishes a counter part of Proposition 6 when € > 0. 

Proposition 7. Let 0 < € < 00 and w,, € D, and let v,, be a positive Borel measure on D. Let ~,, and 
Wm be analytic self-maps of D. If Cy — Cy,,: Aai?* > Lyt* is bounded, then 6,,Cy, and 6,Cy, are both 
bounded from A7,** to Li*€. 

Proof. Let {Z;};¢y be a p-lattice such that it is ordered by increasing modulii and z, # 0 for all k. Then 
by [[30], Theorem 1] there exist constants M = M(1 + 2€,w,) > 1 and C = C(1 + 2€,w,,) > 0 such that 


the function 
M 
_ Hy 1 = IZzl 1 
Fn(Z) = (a+ ez (—— ) ————__ ze, 
ik one T+2e 
(wm(T(z.))) 


belongs to Aj*?* and satisfies LlFnllyrzze < CLM + €)mllpr+ze for all (4+ €)m = {aterye 


£1*2€ Since Cy, — Cy: Aur’* > Li** is bounded by the hypothesis, we deduce 


1+€ 
(a+ €)mll,*** 2 IFnllaitze = JX (Com — Con) ° Fn(Z)| dm (2) 


1+¢€ 


=Ja¥ [deat oR (SES) - (Ss) )— Ss] ten, 4+ Om € 0%. 


1-ZK Pm (2) 1-ZKWm(Z) (w(r(z)))F* 


We now replace (a + €);” by (a+ €)/'(1 + €),(1 + €), integrate with 
respect to —1 < € < 0, and then apply Fubini's theorem and Khinchine's inequality to get (35) 
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(a+ €)mllptrze 2 [ > » later l? | (; ees) 
: dVm(Z), (a + €)m € E1476, 


1 — ZW =a 
ZW (z) (wm (T(z) 7 


2 
1 
By applying (4.1) and the estimate |1 — Z,z| = 1 — |Z,|, valid for all z € A(z,, p) and k € N, we obtain 


y ( 1 — [zl ) 1 [zl i 5 1-lzd |" = = F:ta(2)) 
1 — Zi Pm(Z) 1 — Zi Wm(Z) 1 — Zi Pm(Z) 1 — 2 Wm (Z) 
= zl 8m(2)|| ———* — al 
Zk m(Z) ~Z, Pin 1 —Z%Om(Z) X va(A(zp.p)) 2) 
= lel) mee 1(aCeyp))(@)» 2 € D, KEN, 
and hence 
(a + €)mlljrvzee 2 Int | > (> | (a 
D K 
ite 
2 
m|2 2 1 
+6) P1715 n (222 ES men cet ED dV, (z). (4.2) 
(wm (T(2.)))*** 
If € > 0 then the inequality Y1;c* < (Yjcj)", valid for all cj > 0 and x > 1, imply II(a + €)mll*”* 
= Jy | Dela + eV [bn (2) /*§ —— age X 923(02,,p))@ | 4¥m (2). (4.3) 
(wm (T(zx))) 177 


To get the same estimate for —2 < € < 0 we apply Hdlder's inequality. It together with the fact that the 
number of discs A(z,, 1 + €) to which each @,,(Z) may belong to is uniformly bounded yields 


[> Xs a+ Ee om @) ——_—_a5 ute —.— ~ tre App 1(A(zp,p)) 2) AVm (Z) 
mall 
j 27 

<| 2 > (a + e)ie*1om @)? 3 Xeon (aed +e) @) 

D K (wm (T(z,.))) 7° 
(y reitaeo(®) dm (2) 

kK 

s|> z Ia + €) 115m ZI? ———- X 53 (ae) @) | Um (2) 


(wm a 


Thus (4.3) holds for each 0 < € < ©. By using Fubini's theorem we now deduce 
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Wat emltie 2 2. >, a+ epi ——_ ae [S(2) [dv (2) 


aoa =| ' (A(Zx.P)) 
YY. fea opine Sein DACD) 64 0, «p08 
k 


1+é€ 


(wm(T(@.)))** 


1+2€, * 1+2€ 
Therefore the sequence belongs to (e ite ~ £4+26)-G+6), and consequently 


». @mlonl td AGe p)) 


ite 


(wom (T (z.)))*7* _ 


(1+2e€)-(1+€) 


Sy (Pm)«(6ml?*€v) (A(z, P)) 


1+¢€ <8. 


(wom (T(z) ** 
Pick up an 1 + € = (1 + €)(p) € (0,1) such that A(z, p) C A(z,, 1+ €) for all z € A(z,, p) andk EN. 
The right hand inequality in (2.1) shows that Om(Z) = Om(Z) and Wm(S(Z)) = @m(S(z,)) for all z € 
A(z, p) and k € N. Then, as {Z,},en is a p-lattice, we deduce 


__ itz 
(Pm) are 


Yk jor = Wm(S(Z)) ®m(z)dA(z) 


1+2e€ 
(Pm) + (Sin |? * Vm) (A (Zi, 1 + a men 


Wn (S(Zm)) 779 1 le [zx |)? 


| 


1+2¢€ 
(i+2e)—(1+e) 


(Pm)«(om|**Om) (AG, 1 + €)) 


< pa) 1+eé 
14+2 
(wm (S(ze))) oe 
1+2€ 
(@m)«(ISml** Pm) EK?) (1+2€)—(1+e) 
S kd | aa < 
(om(r en) 


Therefore (Pm)«(l6m|***Un,) is a (1 + €)-Carleson measure for AZ*?* by Theorem 2 For the same 
reason, (Wn )«(bm|*** Yn) is a (1 + €)-Carleson measure for Aj;**. The proof is complete. 

5. Proofs of Main Theorems 

The key outcomes presented in the introduction readily follow from the propositions demonstrated in 
the previous two parts. 

Proof of Theorem 11 The theorem follows by Propositions 5 and 7 Namely, if 6,Cy,, and dmCy,, are 
bounded from AZ? to Lit, then Cy — Cy: Aut?* > Li** is compact, and thus bounded as well, by 


Proposition 5. Conversely, if Cy, — one AG © > Lz * is bounded, then 6,,Cy_, and 5;,Cy_, are bounded by 
Proposition 7 , Proof of Theorem 3 proof Propositions 4 and 6 imply the theorem. 
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